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Abstract
It was recently pointed out that semi-annihilating dark matter (DM) may experience a novel
temperature evolution dubbed as self-heating. Exothermic semi-annihilation converts the DM
mass to the kinetic energy. This yields a unique DM temperature evolution, Tχ ∝ 1/a, in contrast
to Tχ ∝ 1/a2 for free-streaming non-relativistic particles. Self-heating continues as long as self-
scattering sufficiently redistributes the energy of DM particles. In this paper, we study the evolution
of cosmological perturbations in self-heating DM. We find that sub-GeV self-heating DM leaves a
cutoff on the subgalactic scale of the matter power spectrum when the self-scattering cross section
is σself/mχ ∼ O(1) cm2/g. Then we present a particle physics realization of the self-heating DM
scenario. The model is based on recently proposed strongly interacting massive particles with pion-
like particles in a QCD-like sector. Pion-like particles semi-annihilate into an axion-like particle,
which is thermalized with dark radiation. The dark radiation temperature is smaller than the
standard model temperature, evading the constraint from the effective number of neutrino degrees
of freedom. It is easily realized when the dark sector is populated from the standard model sector
through a small coupling.
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I. INTRODUCTION
Accumulated observational data begin to test our understanding of how dark matter
(DM) is distributed over the Universe and how the DM distribution evolves in time [1]. In
regard to the structure formation of the Universe, DM is often described as a perfect fluid
with zero temperature, which is referred to as cold dark matter (CDM). The CDM paradigm
is successful in reproducing the large-scale structure of the Universe observed through cosmic
microwave background (CMB) anisotropies [2] and galaxy clustering [3].
Contrary to its success on large scales, CDM predictions appear to be incompatible with
the observations on smaller scales [4]. Although baryonic physics may play an important
role [5–7], these small scale issues may be hinting to alternative DM models. One example
of the CDM failure is the missing satellite problem, indicating that CDM overpredicts the
number of dwarf-size subhalos in a Milky Way-size halo when compared to that of the
observed satellite galaxies [8, 9]. Warm dark matter (WDM) is an interesting possibility in
this respect. Gravitational clustering of WDM particles is interrupted on a subgalactic scale
because of a sizable thermal velocity of v/c ∼ 10−3–10−4 at the matter-radiation equality.
This suppresses dwarf-size halo formation [10, 11]. A sterile neutrino with a keV mass is a
good benchmark model of WDM, where its phenomenology is described by the mass and
the mixing angle with an active neutrino in the simplest setup [12].
Another example is the core-cusp problem: Some dwarf-size halos have a cuspy profile as
predicted by CDM, while others have a cored profile [13–15]. Self-interacting dark matter
(SIDM) is an interesting solution. The self-scattering cross section of σself/mχ ∼ 1 cm2/g
with the DM mass mχ leads to iso-thermalization of DM particles, whose distribution is
characterized by a kpc core [16, 17]. SIDM reproduces the observed diversity of the rotation
velocity among similar-size halos by adjusting its distribution sensitively to the baryon
distribution [18, 19].
A new possibility, which is called self-heating DM, has been proposed recently [20]. A
characteristic feature of this scenario is that the strength of self-scattering is related to the
thermal velocity of DM and, hence, potentially solves several small scale issues simultane-
ously. The original proposal was based on semi-annihilating DM [21–23], χχ → χφ with a
light particle φ in the thermal bath. A key observation is that semi-annihilation converts
the mass of DM into the kinetic energy, which leads to the novel DM temperature evolution,
Tχ ∝ 1/a after the freeze-out, instead of Tχ ∝ 1/a2 for free-streaming non-relativistic par-
ticles. Self-heating continues as long as self-scattering occurs rapidly. DM self-scattering is
an essential ingredient of the scenario because it redistributes the large kinetic energy of the
boosted DM particles through the semi-annihilation over the whole DM particles. Stronger
self-scattering elongates the duration of self-heating, resulting in a larger thermal motion of
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DM particles.
In this paper, we investigate the impact of DM self-heating on the matter distribution of
the Universe, and propose a viable particle physics realization of self-heating DM. To study
the structure formation, we derive the evolution equation of the cosmological perturbations
in the self-heating DM scenario. We show that semi-annihilation not only changes the
DM temperature evolution but also affects the entropic perturbation of DM. We follow
the evolution of the primordial perturbations numerically and show that self-heating DM
can leave a subgalactic-scale cutoff in the linear matter power spectrum. We extend the
recently proposed strongly interacting massive particle (SIMP) model [24, 25] to realize
self-heating DM. Pion-like particles in a QCD-like sector semi-annihilate into an axion-like
particle (ALP), which is thermalized with dark radiation. We identify a parameter region
that is compatible with observational constraints.
This paper is organized as follows. In Sec. II, we describe the thermal history of the
self-heating DM from its freeze-out to structure formation of the Universe. In Sec. III, we
discuss an extension of the SIMP model with a light ALP and dark radiation. We conclude
in Sec. IV. In Appendix A, we provide a detailed derivation of the co-evolution equations
of the DM number density and temperature. In Appendix B, we present the evolution
equations of cosmological perturbations in the self-heating DM scenario.
II. THERMAL HISTORY OF SELF-HEATING DM FROM THE FREEZE-OUT
TO STRUCTURE FORMATION
In this section, we discuss the freeze-out of the DM number density, its novel temper-
ature evolution afterwards, and the evolution of cosmological perturbations in the self-
heating DM scenario. For our purpose, we consider a scalar DM χ and a light mediator
φ. We mainly consider two types of interaction: One is self-scattering χχ ↔ χχ, and the
other one is semi-annihilation χχ ↔ χφ, which are the minimal ingredients to realize self-
heating of DM. The presence of efficient self-scattering enforces the DM distribution to be
fχ = (nχ/n
eq
χ ) exp[−Eχ/Tχ], where neqχ = (m2χTχ/2pi2)K2(mχ/Tχ) and K2 is the 2nd-order
modified Bessel function of the second kind. We also assume that a light mediator remains
in thermal equilibrium by contacting either to the SM sector or to the dark sector and,
hence, fφ = exp[−Eφ/Tφ], where Tφ = TSM or Tφ = TDR, respectively. Its number density
is thus given by neqφ = (m
2
φTφ/2pi
2)K2(mφ/Tφ). In general, annihilation χχ ↔ φφ and also
elastic scattering χφ↔ χφ may exist.
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A. Homogeneous and isotropic evolution
The co-evolution equations of nχ and Tχ are given, respectively, as
n˙χ + 3Hnχ =− nχ〈σsemivrel〉TχTχ
[
nχ − J (Tχ, Tφ)neqχ (Tχ)
]
, (1)
T˙χ + 3HTχ
(
Tχ
σE
)2
=−
(
Tχ
σE
)2 neqφ (Tχ)
neqχ (Tχ)
〈∆Eσinvvrel〉Tχ,Tφ=Tχ
[
nχ − neqχ (Tχ)K(Tχ, Tφ)
]
+ 2γχφ→χφ(Tφ − Tχ) , (2)
where σsemi (σinv) is the cross section for the χχ→ χφ (χφ→ χχ) process. See Appendix A
for the derivation. We have added the elastic scattering term for completeness. The expres-
sion of momentum exchange rate γχφ→χφ can be found in Ref. [26] and thus is not repeated
here. We remark that self-scattering does not contribute to these equations because it con-
serves the number and energy of DM particles. The relic abundance of χ coincides with the
observed one when
〈σsemivrel〉|Tχ=Tχ, fo = (σvrel)can(Tφ/TSM)fo , (3)
where (σvrel)can ' (3 × 10−26 cm3/s) is a canonical cross section reproducing the observed
relic density of thermal DM [27]. The canonical cross section is rescaled by the factor of
(Tφ/TSM)fo because TSM, fo ' (mχ/20)(TSM/Tφ)fo.
We present numerical results in Fig. 1, which show the evolution of DM yield Yχ = nχ/s
and the temperature ratio Tχ/Tφ. Here s = (2pi
2/45) g∗s,SMT 3 is the entropy density, and
g∗s, SM is the effective number of relativistic degrees of freedom in the SM sector. In this
figure, we assume that γχφ→χφ/H  1 and Tφ = TSM. Like usual thermal DM with Tχ = Tφ,
the relic abundance is determined around Tφ, fo ' mχ/20 (see Appendix A for a small
difference). On the other hand, the DM temperature evolution shows a unique behavior.
Especially, after the freeze-out, the DM temperature scales as Tχ ∝ 1/a (see Appendix A
for a thermodynamic derivation) despite the fact that DM particles are non-relativistic and
that no elastic scattering equilibrates Tχ and Tφ. Self-heating of DM occurs because a small
portion of DM still undergoes semi-annihilation after the freeze-out, and gain the kinetic
energy of the order of its mass, which is much larger than the DM temperature. We find
that the ratio between the two temperatures approaches1
rχφ ≡ Tχ
Tφ
= (γ − 1) 2mχ
3Tφ, fo
, (4)
1 The temperature ratio is constant up to changes in the number of relativistic degrees of freedom.
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FIG. 1: Thermal history of self-heating DM. The plot shows the evolution of DM yield (black) and
also the evolution of the DM temperature (red). The dashed line corresponds to the equilibrium
value. For this plot, we assume no elastic scatterings; thus, the chemical and kinetic decoupling
take place at the same time as semi-annihlation decouples from the plasma. One can see that the
DM temperature scales as Tφ scales even though DM is non-relativistic and kinetically decoupled
from the thermal bath.
where γ = (5/4)[1−m2φ/(5m2χ)] is the Lorentz boost factor of the final state DM particle.
Although we ignored elastic scatterings above, we emphasize that the self-heating is a
generic feature of exothermic semi-annihilation even in the presence of elastic scattering. If
(γχφ→χφ/H)|Tχ=Tχ, fo  1, the elastic scattering is able to maintain the kinetic equilibrium
of DM after the freeze-out, resulting in Tχ = Tφ. In this case, Eq. (1) reproduce a usual
discussion found in Refs. [21–23], since J (Tχ = Tφ, Tφ) = 1. Eventually, elastic scattering
decouples. After this kinetic decoupling, DM begins to self-heat, and the DM temperature
continues to scale as Tχ ∝ 1/a. See Fig. 2 for schematic picture of the DM temperature
evolution.
We stress that DM self-scattering is necessary for DM self-heating. If self-scattering is
absent, semi-annihilation merely produces a small portion of boosted DM particles, which
act as a hot component of DM. Thus, the unique temperature evolution continues only
until Γself = 〈σselfvrel〉nχ ' H. The larger the self-scattering cross section is, the longer
the self-heating lasts and thus results in a larger thermal motion of DM. The self-scattering
decouples at
TSM, self ' 1 eV r−nχφ
(
1 cm2/g
σself/mχ
)2n ( mχ
1 GeV
)n(TSM
Tφ
)n
self
, (5)
where n = 1/3 for TSM, self > TSM, eq, while n = 1/4 when TSM, self < TSM, eq. Here, TSM, eq '
0.8 eV is the SM temperature at the matter-radiation equality. When deriving Eq. (5), we
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FIG. 2: The self-heating takes place between the kinetic decoupling and the freeze-out of DM
self-interaction. (a) (γχφ→χφ/H)|Tχ=Tχ,fo  1. The chemical and kinetic decoupling take place
simultaneously. The self-heating of DM begins from the freeze-out of semi-annihilation to the
freeze-out of self-interaction. (b) (γχφ→χφ/H)|Tχ=Tχ,fo  1. The kinetic equilibrium could be
maintained after the chemical freeze-out. In this case, the self-heating begins after the decoupling
of elastic scattering, and continues until Γself = H.
have used 〈vrel〉 = (4/
√
pi)
√
TSM/mχ r
1/2
χφ (Tφ/TSM)
1/2 and solve Γself = H for TSM. Remember
that σself/mχ ∼ 1 cm2/g forms a kpc core in a subgalactic halo [28].2 A resultant large
thermal motion of sub-GeV SIDM leaves a subgalactic-scale cutoff in the linear matter
power spectrum like keV WDM. We will discuss the structure formation of self-heating DM
in the next section.
Before closing this section, we emphasize that the thermal history of φ plays a significant
role both in DM searches and in the evolution of the Universe. If φ is massless, it changes
the expansion rate of the Universe, as it contributes to the total energy density. Its impact
is described by the change in the effective number of neutrino degrees of freedom ∆Neff and
is constrained by big bang nucleosynthesis (BBN) and CMB. The latest constraint from
the Planck Collaboration is ∆Neff = 3.15 ± 0.24 [2]. For massive φ, it may overclose the
Universe unless it decays or they annihilate into light particles. If φ decays into visible
particles, the late time production of φ through semi-annihilation is severely constrained
by the Galactic and extra-Galactic gamma-ray searches as well as the CMB measurement.
These constraints require mχ & 10 GeV [30, 31], which results in a shorter duration of self-
heating [see Eq. (5)].3 The other possibility is that φ decays into dark radiation. In this case,
2 It is claimed that semi-annihilation cooperates with self-interaction to flatten the inner density profile of
a subgalactic halo [29]. The impact of the self-heating is more significant in smaller halos, and it may
alleviate a required strength of self-scattering for solving the core-cusp problem. We do not take this
effect into account for simplicity in this paper.
3 Thermal relic DM with a sub-GeV mass is still viable if DM particles annihilate into heavier particles [32].
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constraints from DM indirect searches cannot be applied, although ∆Neff still constrains the
scenario. It will be discussed in Section III.
B. Perturbed evolution
The novel evolution of the DM temperature affects the evolution of cosmological per-
turbations. We derive evolution equations of cosmological perturbations in the self-heating
scenario in Appendix B. In the case of self-scattering DM, relevant variables are density
contrast δχ, velocity divergence θχ, and entropy perturbation piχ. The linearized equations
for the cosmological perturbation for self-heating DM are given as
δ′χ =− θχ − 3Φ′ , (6)
θ′χ =−Hθχ + k2Ψ + k2(c2sχδχ + piχ) , (7)
pi′χ =− 2Hpiχ +
(
c2sχ −
5
3
ωχ
)[
−H
(
1− H
′
H2
)
δχ + θχ + 3(Φ
′ −HΨ)
]
, (8)
where the prime is a derivative with respect to the conformal time and H = a′/a. Here we
take the conformal Newtonian gauge:
ds2 = a2(τ)
[−(1 + 2Ψ)dτ 2 + (1 + 2Φ)δijdxidxj] . (9)
We cross-check the result in the synchronous gauge in Appendix B. Semi-annihilation affects
δχ mainly through the relatively large c
2
sχ ' (4/3)Tχ/mχ. One can obtain the matter power
spectrum by solving the above equations with equations of the equation of state ωχ and
sound speed squared c2sχ:
ω′χ = −2Hωχ +
2
3
(γ − 1)aΓsemi
(
1− e−Γself/H) , (10)
c2sχ =
5
3
ωχ − 2
9
(γ − 1)aΓsemiH
(
1− e−Γself/H) , (11)
with Γsemi = nχ〈σsemivrel〉 ∝ 1/a3. As the interaction rate for self-scattering becomes smaller
than the Hubble expansion rate, the DM temperature behaves as that of free-streaming
non-relativistic particles, i.e., Tχ ∝ 1/a2.
By modifying the publicly available Boltzmann solver CLASS [34], we obtain the present
linear matter power spectrum as shown in Fig. 3. The matter power spectrum exhibits
In the case of semi-annihilation, this can be realized if φ is heavier than the DM mass [33]. In this case,
we expect no self-heating of DM, because semi-annihilation is no longer exothermic.
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m  = 1GeV
m  = 0.1GeV
m  = 10GeV
mWDM = 5.3 keV
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mWDM = 4.09 keV
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FIG. 3: (Left) Linear matter power spectrum for self-heating DM (red) and CDM (black) at the
present Universe. (Right) Linear matter power spectrum normalized with respect to that of CDM.
We also show the power spectrum in the thermal WDM models (blue) with mWDM = 4.09 keV and
mWDM = 5.3 keV, where the latter is the latest lower bound on the mass of WDM [36]. We choose
σself/mχ = 1 cm
2/g such that self-scattering decouples at TSM, self = 0.5 eV, 0.8 eV, and 1.6 eV for
mχ = 0.1 GeV, 1 GeV, and 10 GeV, respectively. We also assume Tφ = TSM.
a sharp cutoff around k = O(100) Mpc−1. This scale turns out to well match the Jeans
instability scale at the matter-radiation equality [20, 35]:
kJ ' 180 Mpc−1 r−1/2χφ max
(
1,
√
aeq/aself
)( mχ
1 GeV
)1/2(Tγ
Tφ
)1/2
eq
, (12)
where the temperature ratio rχφ = Tχ/Tφ should be evaluated at a = min(aself , aeq).
We compare the resultant matter power spectra in self-heating DM to those in the thermal
WDM model (see, e.g., Ref. [37] for details). The Lyman-α forest data constrain the WDM
mass as mWDM > 5.3 keV [36]. In the case of WDM, the Jeans instability scale appears to be
kJ,WDM ' 180 Mpc−1 (mWDM/5.3 keV)4/3, while a drop of power in the matter power spec-
trum takes place around kJ,WDM/4, where an additional order one factor can be attributed
to the free-streaming of WDM during the radiation-dominated Universe [38]. By equating
kJ ' kJ,WDM/4, we find the following correspondence between WDM and self-heating DM:
mWDM
5.3 keV
'
(rχφ
2.4
)−3/8 ( mχ
0.1 GeV
)3/8
max
(
1,
√
aeq/aself
)3/4(
Tγ
Tφ
)3/8
eq
. (13)
For the massless mediator φ sharing the temperature with SM particles, the current limit on
the thermal WDM mass, mWDM ≥ 5.3 keV, translates into the mass bound of self-heating
DM as mχ ≥ 0.1 GeV if the self-interaction decouples after the matter-radiation equality.
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SU(NH) SU(NX) U(1)PQ
Q  1 −1/2
Q¯ ¯ 1 −1/2
L 1  −1/2
L¯ 1 ¯ −1/2
N  1 0
N¯ ¯ 1 0
Φ 1 1 1
TABLE I: Gauge charges of matter contents.
III. EXTENDED SIMP MODEL WITH AN ALP AND DARK RADIATION
In this section, we propose a realization of self-heating DM. We extend the SIMP
model [39] with an ALP [33] by introducing dark radiation. The Lagrangian density is
given by
L = |∂µΦ|2 − V (|Φ|2) +N †iσ¯µDµN + N¯ †iσ¯µDµN¯ −
(
mNN¯N + h.c.
)
+Q†iσ¯µDµQ+ Q¯†iσ¯µDµQ¯+ L†iσ¯µDµL+ L¯†iσ¯µDµL¯− Φ
(
yQQQ¯+ yLLL¯+ h.c.
)
− 1
4
HaµνH
aµν − 1
4
XaµνX
aµν + θH
g2H
32pi2
HaµνH˜
aµν + θX
g2X
32pi2
XaµνX˜
aµν , (14)
where Haµν (H˜
a
µν) is the (dual) field strength of the confining SU(NH) gauge field and X
a
µν
(X˜aµν) is the (dual) field strength of the quasi-perturbative SU(NX) gauge field. Gauge
charges of the matter contents are summarized in Table I.N and N¯ areNf -flavored (Nf ≥ 3).
As the PQ symmetry is spontaneously broken, an ALP arises. The mass of Q and L
originates from vacuum expectation value 〈Φ〉 and is assumed to be heavier than the con-
finement scale of the SU(NH) gauge group. After integrating out Q and L, we find that the
ALP couples to both HaµνH˜
aµν and XaµνX˜
aµν . Once SU(NH) confines, SU(Nf )L×SU(Nf )R
global symmetry breaks down to the diagonal subgroup SU(Nf )V , and pion-like particles χ
emerge. For low energy phenomenology, we obtain the following effective Lagrangian:
Leff = 1
2
(∂µφ)
2 − 1
4
XaµνX
aµν +
g2X
32pi2
φ
f
XaµνX˜
aµν + Lchiral . (15)
The expression of Lchiral can be found in Ref. [33] and thus is not repeated here. We
emphasize that SU(Nf )V is the exact symmetry of the theory; hence, no decay operator
of DM pions is allowed. The ALP φ and dark radiation X form a dark plasma with the
temperature Tφ = TDR. In the following, we take Nf = 4, NH = 3, and NX = 2 as a
benchmark for the analysis.
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Low energy phenomenology is described by three parameters: DM pion mass mχ, DM
pion decay constant fχ, and ALP decay constant f . The self-scattering cross section for
solving the core-cusp problem, and the semi-annihilation cross section for the observed DM
relic density [see Eq. (3)] are achieved as [33]
σself
mχ
= 1 cm2/g
( mχ
50 MeV
)(40 MeV
fχ
)4
, (16)
〈σsemivrel〉 = (σvrel)can
( mχ
50 MeV
)2(40 MeV
fχ
)2(
300 GeV
f
)2
. (17)
Note that we only consider CP-conserving interactions of DM pions and ALPs, because the
CP-violaing vacuum angle in the hidden confining sector dynamically vanishes due to an
ALP. Although we consider semi-annihilation as a dominant process for the freeze-out of
the DM number density, there exist two additional number-changing processes: the 3-to-2
process of χχχ → χχ and annihilation χχ → φφ. Since the annihilation cross section is
suppressed by (fχ/f)
2 compared to that of semi-annihilation, it is sub-domnant. Meanwhile,
the 3-to-2 process is sub-dominant for
mχ < 230 MeV
(
TDR
TSM
)8/9
fo
, (18)
where we have chosen fχ and f such that σself/mχ ' 1 cm2/g and 〈σsemivrel〉 =
(σvrel)can(TDR/TSM)fo. Note that the ALP obtains its mass from explicit breaking of chi-
ral symmetry of the QCD-like sector, and its mass is given as [33]
mφ =
mχfχ
2
√
2Nff
' 1 keV
( mχ
50 MeV
)( fχ
40 MeV
)(
300 GeV
f
)
. (19)
The elastic scattering between the ALP and DM also exists in this model. For the self-
heating to occur, the elastic scattering should decouple before the self-scattering decouples.
This can be trivially achieved in our model, because the strength of elastic scattering is
suppressed by (fχ/f)
2 compared to that of semi-annihilation, and by (fχ/f)
4 compared
to that of self-interaction. As a consequence, the momentum exchange rate due to elastic
scattering is
γχφ→χφ
H
' 5× 10−4 r−1χφ
(
300 GeV
f
)4 ( mχ
50 MeV
)( 10.75
g∗, SM(TSM)
)1/2(
TDR
TSM
)4(
TSM
1 MeV
)2
.
(20)
Thus, elastic scattering is inefficient during and after the freeze-out of DM, and the self-
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heating begins roughly after the freeze-out of DM.
We assumed that the ALP and dark gauge boson form a thermal bath with TDR during
the freeze-out of DM. The XX → XXX rate [40, 41] is sufficiently large for αX > O(10−10).
The φX → XX keeps φ in the thermal bath of X until TSM = 1 MeV as [42, 43]
ΓφX→XX
H
' 4× 103
( αX
10−2
)3(300 GeV
f
)2(
10.75
g∗, SM(TSM)
)1/2(
TDR
TSM
)3(
TSM
1 MeV
)
. (21)
An ALP decays when it is still semi-relativistic with the thermally averaged decay rate of
〈Γφ→XX〉
H
' 0.4
( αX
10−2
)2 ( mφ
1 keV
)4(300 GeV
f
)2(
10.75
g∗, SM(TSM)
)1/2(
TDR
TSM
)−1(
1 keV
TSM
)3
.
(22)
Non-Abelian dark radiation does not confine until the present Universe for αX(TDR =
TDR, fo) . 0.03 (2/NX), since the confinement scale is given by Λ = µ0 exp [−6pi/(11NXαX,0)],
where αX,0 = αX(TDR = µ0). Neither the ALP nor dark radiation overcloses the Universe.
The model Lagrangian (14) does not contain any interaction that equilibrates the SM and
dark sector. Indeed, if two sectors are in thermal equilibrium with each other in the early
Universe, ∆Neff tends to exceed unity, which is strongly disfavored by BBN and CMB. The
inflaton can decay both into the SM sector and into the dark sector. In this case, (TDM/TSM)
is determined by the branching ratio. Even if the inflaton predominantly decays into the
SM sector, the dark sector can be populated through a feeble interaction to the SM sector,
while not being completely thermalized with SM particles. In addition to the interactions
in Eq. (14), we may consider a Higgs portal coupling:
LHΦ = λHΦ|Φ|2|H|2 . (23)
The continuous production of the dark sector increases the temperature ratio between the
dark sector and the SM plasma until the electroweak phase transition. The temperature
ratio between the two sectors at the electroweak phase transition is estimated as(
TDR
TSM
)
ew
=
(
g∗, SM ρDR
g∗,DR ρSM
)1/4
ew
' 0.5
(
λHΦ
2.2× 10−6
)1/2(
106.75
g∗,SM, ew
)1/8(
83.5
g∗,DR, ew
)1/4
, (24)
where g∗,DR, ew = 83.5 takes into account all the degrees of freedom of particles in Eq. (14).
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The contribution of the dark sector to ∆Neff at the neutrino decoupling is given by
∆Neff =
8
7
× 1
2
× g∗s,DR ×
(
TDR
TSM
)4
ν-dec
' 9.8 g−1/3∗s,DR
(g∗s,DR, ew
83.5
)4/3(TDR
TSM
)4
ew
. (25)
After the freeze-out of DM but before the decay of the ALP, we find g∗s,DR = 7. Thus,
(TDR/TSM)|ew ' 0.5 is consistent with ∆Neff < 3.4 [2].
IV. CONCLUSION
Self-heating of semi-annihilating DM can suppress subgalactic-scale structure formation
when it lasts until the matter-radiation equality. The reduced number of dwarf-size ha-
los can reconcile the possible tension between the CDM paradigm and the observation.
The self-heating of sub-GeV DM is maintained until the matter-radiation equality for
σself/mχ ' O(0.1–1) cm2/g. We have followed the evolution of cosmological perturbations
and demonstrated that self-heating sub-GeV DM indeed leaves a cutoff on the subgalactic
scale of the linear matter power spectrum.
It is interesting that self-heating DM interrelates a subgalactic cutoff in the linear matter
power spectrum and a kpc core of the DM distribution in halos through the thermalization
of DM particles. We can take full advantage of astrophysical and cosmological searches of
WDM and SIDM to probe self-heating DM. For example, we could tighten the range of the
self-interaction strength by analyzing line-of-sight velocity dispersions of dwarf spheroidal
galaxies [44] and rotation curves of low-surface brightness galaxies [45] with a larger number
of samples. The satellite number counts restrict the cutoff in the linear matter power
spectrum [46, 47]. The matter distribution smoother than the CDM prediction will be
tested by the perturbations on strongly lensed systems [48–51]. The top-down structure
formation in contrast to the bottom-up one in the CDM paradigm is tested by the further
discoveries of high-z galaxies [52–54] and by multiple probes of the reionization epoch such
as the 21 cm brightness temperature [55–57] and its fluctuations due to minihalos [58].
We have proposed an extension of the SIMP model with an ALP and dark radiation as
a particle physics realization of sub-GeV self-heating DM. DM pions semi-annihilate into
an ALP, which decays into dark radiation. Dark radiation and an ALP forms thermal
equilibrium. We have shown that self-heating can be realized for a certain range of model
parameters. When the dark sector is populated from the SM sector through a Higgs portal,
we can produce the dark sector particles while being consistent with the constraints from
BBN and CMB measurements.
We have focused on a velocity-independent self-scattering cross section. On the other
12
hand, the self-scattering cross section diminishing with an increasing velocity may be favored
by the constraints from galaxy cluster ellipticities and bullet clusters. One way to realize
the velocity-dependent self-scattering cross section is to introduce a light mediator coupling
to two DM particles. Extending our discussion to such a case will be intriguing.
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Appendix A: Evolution equations of the self-heating DM number density and tem-
perature
The evolution of the DM phase-space distribution is governed by the Boltzmann equation,
Eχ
[
∂fχ
∂t
−Hpχ∂fχ
∂pχ
]
= C[fχ] , (A1)
with
Csemi[fχ] =
∫
dΠ2dΠ3dΠ4 (2pi)
4δ(4) (p1 + p2 − p3 − p4) |Msemi|2 [fχ(p3)fφ(p4)− fχ(p1)fχ(p2)]
+
1
4
∫
dΠ2dΠ3dΠ4 (2pi)
4δ(4) (p1 + p2 − p3 − p4) |Msemi|2 [fχ(p3)fχ(p4)− fχ(p1)fφ(p2)] ,
(A2)
Cself [fχ] =
1
2
∫
dΠ2dΠ3dΠ4 (2pi)
4δ(4) (p1 + p2 − p3 − p4) |Mself |2 [fχ(p3)fχ(p4)− fχ(p1)fχ(p2)] .
(A3)
|Msemi|2 and dΠ = d3~p/(2pi)3/2E denote the invariant amplitude squared and the invariant
phase space measure, respectively. Symmetry factors are multiplied in each integral in order
not to overcount the phase space of identical particles.
We derive the evolution equations of the DM number density nχ and temperature Tχ from
the number and energy conservation equations. We remark that self-scattering does not
contribute to these equations because it conserves the number and energy of DM particles.
Integrating the Boltzmann equation with 1/Eχ over the phase space of DM, we find the
evolution equation of nχ as
n˙χ + 3Hnχ =
1
2
∫ 4∏
i=1
dΠi(2pi)
4δ(4)(p1 + p2 − p3 − p4)|Msemi|2 [fχ(p3)fφ(p4)− fχ(p1)fχ(p2)] ,
= −〈σsemivrel〉TχTχ
[
n2χ − nχneqχ (Tχ)J (Tχ, Tφ)
]
, (A4)
where J (Tχ, Tφ) is defined as
J (Tχ, Tφ) =
neqφ (Tφ)
neqφ (Tχ)
〈σinvvrel〉Tχ,Tφ
〈σinvvrel〉Tχ,Tφ=Tχ
. (A5)
In this derivation, we have used
(
neqχ
)2 〈σsemivrel〉TχTχ = neqχ neqφ 〈σinvvrel〉TχTχ . The subscript in
〈σsemivrel〉TχTχ denotes that this thermal average is defined as a thermal average with respect
to the Boltzmann distribution with temperature Tχ. Because of the explicit dependence on
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Tχ, the equation for the number density is not closed by itself. To correctly describe the
evolution of the system, one must track the DM temperature evolution as well.
To obtain the evolution equation of the DM temperature, we integrate the Boltzmann
equation without any weight. We find the evolution equation of the energy density:
ρ˙χ + 3H(ρχ + Pχ) =
1
2
∫ 4∏
i=1
dΠi (E1 + E2 − E3)(2pi)4δ(4) (p1 + p2 − p3 − p4) |Msemi|2
× [fχ(p3)fφ(p4)− fχ(p1)fχ(p2)] , (A6)
with pressure Pχ. Since ρχ = 〈Eχ〉nχ and Pχ =
〈
p2χ/ (3Eχ)
〉
nχ = Tχnχ, the above equation
reads as
˙〈Eχ〉+ 3HTχ =−
neqφ (Tχ)
neqχ (Tχ)
〈∆Eσinvvrel〉TχTχ
[
nχ − neqχ (Tχ)K(Tχ, Tφ)
]
, (A7)
where ∆E = Eφ − 〈Eχ〉Tχ and the function K(Tχ, Tφ) is defined as
K(Tχ, Tφ) =
neqφ (Tφ)
neqφ (Tχ)
〈∆Eσinvvrel〉Tχ,Tφ
〈∆Eσinvvrel〉Tχ,Tφ=Tχ
. (A8)
Using ˙〈Eχ〉 = (T˙χ/T 2χ)(〈E2χ〉 − 〈Eχ〉2) = (T˙χ/T 2χ)σ2E, one obtains
T˙χ
T 2χ
+ 3H
Tχ
σ2E
= − 1
σ2E
neqφ (Tχ)
neqχ (Tχ)
〈∆Eσinvvrel〉TχTχ
[
nχ − neqχ (Tχ)K(Tχ, Tφ)
]
. (A9)
Figure. 1 presents our numerical result of the co-evolution of nχ and Tχ. One can see
that the freeze-out of DM yield Yχ proceeds in a similar way to a usual discussion found in
Refs. [21–23]. The DM yield is estimated as
Yχ,∞ ' H
s〈σsemivrel〉
∣∣∣∣
Tφ=Tφ, fo
, (A10)
while determining the freeze-out temperature is ambiguous in our case. In the case of Tχ =
Tφ, the freeze-out temperature is usually determined by ∆(xfo) = Yχ−Y eqχ = cY eqχ (xfo) with c
being a numerical constant of order unity, where ∆ = (d lnY eqχ /dx)/(−s〈σsemivrel〉/H). In the
self-heating scenario, however, the DM freeze-out is delayed, because the DM temperature
shortly increases relative to Tφ and enhances the backward semi-annihilation process. This
can be seen from Fig. 4, where we present numerically computed ∆ = Yχ − J Y eqχ as a
function of mχ/Tφ. This delay results only in an O(10)% change of the final DM relic
abundance.
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FIG. 4: ∆/(J Y eqχ ) in the self-heating DM scenario (black). Here we assume Tφ = TSM for
simplicity. Compared to the Tχ = TSM case (blue), the freeze-out is delayed.
It may be nontrivial why semi-annihilation still affects the evolution of Tχ even after the
kinetic decoupling. To illustrate temperature evolution more clearly, it is useful to consider
the thermodynamics of the SM bath and DM bath. Here we assume Tφ = TSM. From the
first law of thermodynamics, we find
d (ρSMV ) = dQSM − pSM dV , (A11)
d (ρχV ) = dQχ − pχ dV +mχ dNχ . (A12)
Since we are interested in the dynamics after the freeze-out, we consider only forward semi-
annihilation χχ→ χφ. For a single forward semi-annihilation process,
dQSM = −(2− γ)mχ dNχ, (A13)
dQχ = −(γ − 1)mχ dNχ , (A14)
where γ = (5/4)[1 − m2φ/(5m2χ)] is a Lorentz boost factor. We see that the total energy
of the whole system is conserved: dQSM + dQχ + mχdNχ = 0. To investigate how the
DM temperature evolves, we note that ρχ = (mχ + 3Tχ/2)nχ and pχ = Tχnχ in the non-
relativistic limit of DM. In addition, a small fraction of DM undergoes semi-annihilation
even after the freeze-out, d lnNχ ' −(Γsemi/H) d ln a. We find
d lnTχ '
[
−2 + (γ − 1)2
3
mχ
Tχ
Γsemi
H
]
d ln a . (A15)
The first term in the square brackets represents the adiabatic cooling due to the expansion of
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the Universe, while the second term is due to the energy injection through semi-annihilation.
If Tχ ∝ 1/a2 as for free-streaming non-relativistic DM particles, then the second term
increases with the expansion of the Universe as ∝ (mχ/Tχ)(Γsemi/H) ∝ a and thus heats
the DM particles. Hence, the DM temperature is determined by the balance between the
adiabatic cooling and semi-annihilation heating as Tχ ∝ 1/a.
Appendix B: Evolution equations of self-heating DM cosmological perturbations
We derive the evolution equations of cosmological perturbations. Taking the conformal
Newtonian gauge [see Eq. (9)], we get the linearized Boltzmann equation given by
δf ′ + i
(
~k · ~q

)
δf −
[
Φ′ + i(~k · qˆ) 
q
Ψ
]
∂f¯
∂ ln q
= a
(
1
E
C(1) +
1
E
C(0)Ψ
)
. (B1)
We expand δf as a function of µ = kˆ · qˆ in terms of the Legendre polynomial:
δf(τ, ~k, q, qˆ) =
∞∑
`=0
(−i)`(2`+ 1)F`(τ, k, q)P`(µ) . (B2)
Multiplying the Legendre polynomial by the linearized Boltzmann equation and integrating
it with respect to µ, we find the Boltzmann hierarchy as
F ′0 = −
kq

F1 + Φ
′ ∂f¯
∂ ln q
+ a
∫ 1
−1
dµ
2
(
1
E
C(1) +
1
E
C(0) Ψ
)
, (B3)
F ′1 = −
kq
3
(2F2 − F0)− k
3q
Ψ
∂f¯
∂ ln q
+ ia
∫ 1
−1
dµ
2
P1(µ)
(
1
E
C(1) +
1
E
C(0) Ψ
)
, (B4)
F ′2 = −
kq
5
(3F3 − 2F1)− a
∫ 1
−1
dµ
2
P2(µ)
(
1
E
C(1) +
1
E
C(0) Ψ
)
, (B5)
F ′`(` ≥ 3) = −
kq
(2`+ 1)
[(`+ 1)F`+1 − `F`−1] + (−i)−`a
∫ 1
−1
dµ
2
P`(µ)
(
1
E
C(1) +
1
E
C(0) Ψ
)
.
(B6)
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In terms of the DM fluid variables [59], one obtains
δ′χ =− 3
(
c2sχ − ωχ +
a
3Hρ¯χ
∫
d3~p
(2pi)3
E
1
E
C(0)
)
Hδχ − 3Hpiχ − (1 + ωχ) (θχ + 3Φ′)
+
a
ρ¯χ
∫
d3~p
(2pi)3
E
(
1
E
C(1) +
1
E
C(0) Ψ
)
, (B7)
θ′χ =− (1− 3ωχ)Hθχ −
ω′χ
1 + ωχ
θχ − k2σχ + k2Ψ + 1
1 + ωχ
k2(c2sχδχ + piχ)
+
iak
ρ¯χ(1 + ωχ)
∫
d3~p
(2pi)3
pP1(µ)
(
1
E
C(1) +
1
E
C(0) Ψ
)
, (B8)
pi′χ =−
(
2− 3c2s − 3ωχ − α0ωχ +
a
3Hρ¯χ
∫
d3~p
(2pi)3
E
1
E
C(0)
)
Hpiχ
−
(
c2′sχ
Hc2sχ
+ 2− 3c2sχ − α0ωχ
)
c2sχHδχ
+
(
c2sχ −
α2ωχ
3
)
(1 + ωχ)θ + 3
[
c2sχ −
5ωχ
3
+ ωχ
(
c2sχ +
α3ωχ
3
)]
Φ′
+
a
ρ¯χ
∫
d3~p
(2pi)3
(
p2
3E
− c2sE
) (
1
E
C(1) +
1
E
C(0) Ψ
)
, (B9)
σ′χ =− (2− 3ω − α1ω)Hσχ +
4
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α2ωχ θχ − 2k
5ρ¯χ(1 + ωχ)
∫
d3~p
(2pi)3
p3
E2
F3
− 2a
3ρ¯χ(1 + ωχ)
∫
d3~p
(2pi)3
p2
E
P2(µ)
(
1
E
C(1) +
1
E
C(0) Ψ
)
. (B10)
We have decomposed the pressure perturbation into the isentropic and entropic parts as
δPχ = ρ¯χ(c
2
sχδχ + piχ), where the adiabatic sound speed squared is given by
c2sχ =
P¯ ′χ
ρ¯′χ
= ωχ + ρ¯χ
ω′χ
ρ¯′χ
. (B11)
The dimensionless constants are defined as
α0 =
(∫
d3~p
(2pi)3
p2
E
p2
E2
F0
)/(
ω
∫
d3~p
(2pi)3
p2
E
F0
)
, (B12)
α1 =
(∫
d3~p
(2pi)3
p2
E
p2
E2
F2
)/(
ω
∫
d3~p
(2pi)3
p2
E
F2
)
, (B13)
α2 =
(∫
d3~p
(2pi)3
p
p2
E2
F1
)/(
ω
∫
d3~p
(2pi)3
pF1
)
. (B14)
We consider cosmological perturbations entering the horizon well after the freeze-out
of the DM number density. ωχ ' (Tχ/mχ), c2sχ ' (Tχ/mχ) [1− d lnTχ/ (3 d ln a)], and F`
(` ≥ 2) are suppressed by the low DM velocity. Furthermore, F` (` ≥ 2) are erased by self-
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scattering of DM. In this limit, we find Eqs. (6) – (8). We have substituted α2 = 5, which
can be derived as follows. In general, F`(τ, k, q) can be expanded by a complete system of
functions of q. We can expand F`(τ, k, q) =
∑
n 1/(2pia
2mχTχ)
2/3y`/2L
`+1/2
n (y) e−yFn` with
y = q2/(2pia2mχTχ) and L
α
n being the associated Legendre function, as in Refs. [26, 60].
An advantage of this complete system is that n = 0 gives the dominant contribution in the
non-relativistic limit. Since Lα0 = 1, one can find α2 = 5. One may also calculate other α’s
in a similar manner, while they do not appear in Eqs. (6)–(8) and thus are not given here.
One solves Eqs. (6)–(8) simultaneously with
ω′χ = −2Hωχ +
2
3
(γ − 1)aΓsemi , (B15)
c2sχ =
5
3
ωχ − 2
9
(γ − 1)aΓsemiH . (B16)
which can be directly obtained from Eq. (2). These relations are valid as long as Γself/H & 1.
By taking the synchronous gauge,
ds2 = a2(τ)
[−dτ 2 + (δij + hij)dxidxj] , (B17)
one can derive the evolution equations given as
δ′χ =− θχ −
h′
2
, (B18)
θ′χ =−Hθχ + k2(c2sχδχ + piχ) , (B19)
pi′χ =− 2Hpiχ +
(
c2sχ −
5
3
ωχ
)[
−H
(
1− H
′
H2
)
δχ + θχ +
h′
2
]
, (B20)
where h denotes the trace of hij. They are equivalent to those in the conformal Newtonian
gauge under the gauge transformation [see Eq. (27) of Ref. [59]]. To check the consistency,
one needs to note that c2sHk2α = c2sH(h′ + 6η′)/2 is negligible when compared to θ′χ for
non-relativistic DM.
After decoupling of self-scattering [see Eq.(5)], energetic DM particles through semi-
annihilation freely stream, while the majority of DM follows the Maxwell-Boltzmann distri-
bution with the temperature Tχ ∝ 1/a2. After that, Eqs. (6)–(8) still describes the evolution
of the majority of DM, although Eqs. (B15)–(B16) are no longer valid. For the decoupling
of self-scattering, we take phenomenological approach, i.e., multiplying (1− e−Γself/H) to the
equations of ωχ and c
2
sχ [see Eqs. (10)–(11)]. We may introduce an alternative cutoff, for
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FIG. 5: (Left) Linear matter matter power spectrum when the decoupling of self-scattering is
described by (1 − e−Γself/H) (red) and when it is described by e−a/aself (green). (Right) Power
spectrum in self-heating DM scenario relative to CDM.
instance, like
ω′χ = −2Hωχ +
2
3
(γ − 1)aΓsemi exp
[
−
(
a
aself
)]
, (B21)
c2sχ =
5
3
ωχ − 2
9
(γ − 1)aΓsemiH exp
[
−
(
a
aself
)]
, (B22)
where aself is the scale factor when Γself = H. In this case, the decoupling takes place more
rapidly compared to the case presented in the main text, and the cutoff in the matter power
spectrum appears for larger k. See Fig. 5 for the numerical difference in the two descriptions.
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